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The LTE “Fluid” Approach
• Fluid in local thermodynamic equilibrium (LTE)   

there is a well-defined local temperature

• In LTE, energy conversion is adiabatic ( )

• Near LTE, departure from LTE is small
• Viscosity and resistivity cause irreversible conversion  

into internal energy, conduction transports energy

• Uses of LTE/near-LTE fluid models:
• Plasma/MHD waves, MHD instabilities,  

Shocks (Rankine-Hugoniot), Reconnection  
(Sweet-Parker), turbulence (Kolmogorov), …

⇔

p/ργ = constant
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Internal energy density
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@EEM

@t
+r · S = �J ·E

Bulk flow energy density

• near-LTE fluid energy equations for species  (  is number density,  is bulk flow velocity, 
 is pressure,  is constituent mass,  is charge,  is ratio of specific heats):

σ nσ uσ
pσ mσ qσ γσ
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Energy Conversion in near-LTE Fluid Model
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The first law of  

thermodynamics!

Electromagnetic energy density                                             



What Does LTE Mean?

• In LTE,  = , a Maxwell-Boltzmann distribution

• Temperature  is related to internal  
energy per particle 

fσ fσ,MB

Tσ
Eσ,int = (3/2)kBTσ
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do not introduce larger errors after the initial time. Our work used only
the linear shape function; it would be interesting to test other shape
functions. It would also be interesting to examine kinetic entropy in PIC
simulations with open boundary conditions. The present simulations
are 2D in position space and 3D in velocity space; simulations that are
3D in both position and velocity space should be carried out. Most
importantly, this work employs only collisionless PIC simulations,
which means that any dissipation (i.e., any increase in total kinetic
entropy) that occurs is through numerical effects. Thus, we are unable
to address physical mechanisms for dissipation in the present study.
Using a collisional PIC code would allow for an investigation of the
physical mechanisms of dissipation with the kinetic entropy diagnostic.

There are also numerous physics topics that are important for
future work. Future work should also address parametric studies of
kinetic entropy in magnetic reconnection, as well as in plasma turbu-
lence and collisionless shocks. Generalizations to other forms of
entropy, such as the Tsallis entropy which describes long-range inter-
actions and contains memory effects,97 should also be undertaken.
Whether chaotic behavior is sufficient to produce an entropy increase
should also be the subject of future work. It is important to see if
numerical kinetic entropy production can impact other physical
processes like particle acceleration and heating.
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APPENDIX A: THEORY OF KINETIC ENTROPY

In this section, we discuss the theoretical background of kinetic
entropy and its decomposition into position space entropy and
velocity space entropy.

1. Background on kinetic entropy
For a closed system (which in Nature could be thermally insu-

lated, but in a simulation can also be periodic), the form of kinetic
entropy S in a kinetic framework is32,79

SðtÞ ¼ kB lnXðtÞ; (A1)

where kB is Boltzmann’s constant and X(t) is the number of micro-
states of the system that produce the system’s macrostate at a time t.
In what follows, we suppress the time dependence to simplify the
notation. Each individual plasma species has its own associated kinetic

entropy, so there is an implicit subscript e or i for electrons or ions,
respectively, that is suppressed for clarity when possible. Following the
nomenclature in Frigg and Werndl,98 we refer to the kinetic entropy
in this form as the combinatorial Boltzmann entropy. This is one form
of kinetic entropy we implement in our PIC code.

To elucidate the meaning of kinetic entropy in this form, con-
sider a plasma with a fixed number of charged particles N for each
species. We treat classical, nonrelativistic systems (even though the
PIC code we use is fully relativistic).

For a three-dimensional (3D) system, phase space is 6D with
each particle described by its position and velocity ð~r ;~vÞ. To calcu-
late kinetic entropy, phase space is discretized into domains we call
bins. Figure 7 shows the discretization of an analogous 1D system.
Define Njk as the number of particles in the phase space bin span-
ning positions~r j to~r j þ D~r and velocities~vk to~vk þ D~v at a given
time t, where the components of D~r and D~v describe the extent of
the bin in each direction in phase space. At this point, we nominally
take these bins as finite in size (i.e., not infinitesimal) with an eye to
calculating kinetic entropy in PIC simulations. The volumes of the
bins in position and velocity space are D3r and D3v, respectively. In
a 1D system, subscripts j and k signify the bin in position space and
velocity space, respectively. In 3D, we continue to use j and k as
shorthand to identify the bin, even though we actually need to
specify each component of the position and velocity to identify a
bin. Thus, we think of j to mean jx, jy, jz for the x, y, z directions in
position space and k to mean kx, ky, kz for the vx, vy, vz directions in
velocity space. By definition,

N ¼
X

j;k

Njk: (A2)

A given macrostate is defined by the collection of all the Njk, which via
integration yields all the fluid quantities of the system. A microstate is
a possible way to choose the particles in the system to produce a given
macrostate, treating individual particles classically as distinguishable.

Using this construct, the number X of possible microstates for
a given macrostate is calculated using combinatorics;33 it is the
number of permutations that produce the macrostate with Njk

particles in the jkth cell by swapping individual distinguishable
particles between any of the bins, i.e.,

FIG. 7. Sketch of phase space (x, v) for a 1D system, discretized into a grid. The
number of particles in the bin spanning position xj to xj þ Dx and velocity vk to vk
þ Dv is Njk. This can be suitably extended to higher dimensional systems.
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• Phase space density  = number density  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What Does non-LTE Mean?

fσ ≠ fσ,MB Marsch, Ann. Geophys., 2018
Burch et al., Science, 2016

Earth’s Magnetopause (MMS) Solar Wind (Helios)

½γ=ðγ − 1Þ$nekBΔTe=ðB2
recx=μ0Þ ¼ 70%. We assume the

system is adiabatic because Bg is large and the distributions
are close to Maxwellian.
To investigate the relative importance of collisions in the

conversion of magnetic to thermal energy, we consider the
rectangle of thickness 2δ ¼ 10 mm and length 2L ¼
20 mm around the X point, the dotted rectangle in
Fig 1(f). The collisional Ohmic heating power per unit
length out of the reconnection plane is estimated as
POhmic ¼ ηJ2zð2δ · 2LÞ ∼ 0.03 kW=m, where the Spitzer
resistivity η is used and Jz near the X point is used
throughout the rectangle for simplicity. We compare this
to the rate of electron enthalpy production per unit length in
the out-of-plane direction ΔH. We roughly estimate its
magnitude based on local ΔTe values, as our Te measure-
ments are limited to a single separatrix and the heating on
opposite separatrices is different in guide field reconnection
[50]. Using the measured value 1.8δ downstream for ΔTe,
we find ΔH¼ ½γ=ðγ− 1Þ$nekBΔTeð2δ · 2LÞ=τ∼ 2 kW=m.
The 2 orders of magnitude difference between POhmic and
ΔH suggest that, even allowing for possible underestima-
tion of Jz and the use of the Spitzer prediction for η for a
marginally collisional plasma, Ohmic heating is not the
dominant process for magnetic to thermal energy conver-
sion and that other kinetic-scale processes must be respon-
sible for the energy conversion. Note the rate of magnetic
enthalpy deposition per unit length in the out-of-plane
direction ðB2

recx=μ0Þ · ð2V in · 2LÞ ¼ 3 kW=m is large
enough to account for the observed electron heating.
To confirm that the released magnetic energy drives the

electron heating, we vary Brecx from 10 to 20 G. Figure 4(a)
shows the electron enthalpy density increase ½γ=ðγ −
1Þ$nekBΔTe a distance 1.8δ from the X point as a function
of the reconnecting magnetic enthalpy density B2

recx=μ0.
The dependence is linear, as expected if reconnection
causes the heating [51], with a fitted slope of 0.8 (dashed
line). Figure 4(b) shows the change in electron enthalpy
density versus the ratio of guide field to reconnecting field
Bg=Brecx in the range of 10–25. Since the reconnection rate
is largely independent of guide field [52,53], the lack of
dependence of electron heating on guide field is expected.
This result is reproduced in our simulations (see the
Supplemental Material [49]).

During reconnection, we observe non-Maxwellian
EVDFs with oppositely directed beams on either side of
the X point. Figure 5(a) shows the EVDF as a function of
Vk, the velocity component along k⃗, at x ¼ −3 mm and
t ¼ 55 μs. k⃗ is at an angle of 22.5°, as shown in Figs. 1(a)
and 1(f), and is mostly in the outflow direction. There is a
clear beam feature with a negative velocity. A composite fit,
shown as the solid line, based on two Maxwellian EVDFs
shown individually as dashed lines, reveals that the total
EVDF is expressible as a combination of a nearly sta-
tionary, warm, bulk electron population and a colder, much
less dense electron beam at a velocity of Vk ≃ −440 km=s.
The speed of the feature is close to VAe ¼ 430 km=s. The
electron beam has a relative density of roughly nbe ≈ 0.04ne
and an electron temperature of Tb

e ≈ 0.02 eV ¼ 0.01Te.
Figure 5(b) shows the EVDF on the other side of the X

point at x ¼ 7 mm. The EVDF also exhibits a beam feature
but with Vk > 0. A fit to two Maxwellian distributions
yields a flow feature speed of Vk ¼ þ210 km=s (half of
VAe). To investigate if this feature is a reconnection outflow
jet, we show the EVDF from an experiment in which Brecx
is reduced from 15 G to 10 G in Fig. 5(c). The speed of the
beam at the same location as Fig. 5(a) drops to −180 km=s
as VAe drops to 280 km=s. Thus, we measure oppositely
directed electron beams at speeds ð0.6 − 1ÞVAe near the X
point, which is strong evidence of bulk electron acceler-
ation [14]. Further from the X point, the outflow appears to
be decelerated, possibly by closed field lines of the flux
ropes or collisions.

FIG. 4. Measured electron enthalpy density increase ½γ=ðγ −
1Þ$nekBΔTe versus (a) reconnecting magnetic enthalpy B2

recx=μ0
and (b) ratio of guide field to reconnecting field Bg=Brecx.

FIG. 5. EVDFs for the Brecx ¼ 15 G discharge showing
oppositely directed beams on either side of the X point.
(a) x ¼ −3 mm (black circles) and (b) x ¼ 7 mm (red circles).
Dashed lines are Maxwellian fits for the bulk and beam and the
solid line is their sum. The dotted vertical lines denote speeds of
VAe=2 and VAe. (c) EVDF measured at x ¼ −3 mm for the
Brecx ¼ 10 G discharge.
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Why are Plasmas not in LTE?

NASA's Scientific Visualization Studio and Yi-Hsin Liu

NASA's Scientific Visualization Studio 

• Collisions 

• weak or absent (high temperature, low density)

• act differently on different species (low temperature)

• Anisotropies, particle trapping, finite-Larmor radius 
effects, non-thermal heating, … 

• (Howes, PoP, 2017; Matthaeus, ApJ, 2020; Alvarez 
Laguna et al., PoP, 2022) 9

Collisionless Magnetic Reconnection

Collisionless Shock



Overview
• Non-LTE plasmas - description using kinetic theory
• Review of three approaches to understanding evolution 

of non-LTE systems
• Pressure-strain interaction: 

bulk flow energy  internal energy 
(e.g., Yang et al., Phys. Plasmas, 24, 072306, 2017)

• Field-particle interaction:  
electromagnetic field energy  particle energy 
(Klein and Howes, Astrophys. J. Lett., 826, L30, 2016)

• Entropic approach: all non-LTE evolution  
(Cassak et al., Phys. Rev. Lett., 130, 085201, 2023)

• Open questions

↔

↔

10Goodrich et al., Front. Astron. Space Sci, 2023

https://www.bu.edu/tech/support/research/whats-
happening/highlights/spaceweather/

Bow shock in: 
fluid simulation

… and kinetic simulation



Kinetic Theory - How does  Evolve?fσ
• A statistical theory of plasmas
• Use velocities  and forces  with  

Newton’s 2nd law to find where the  
particles  move in a small time ,  
and therefore how  changes in time

v Fσ

Nσ,jk dt
fσ

11

do not introduce larger errors after the initial time. Our work used only
the linear shape function; it would be interesting to test other shape
functions. It would also be interesting to examine kinetic entropy in PIC
simulations with open boundary conditions. The present simulations
are 2D in position space and 3D in velocity space; simulations that are
3D in both position and velocity space should be carried out. Most
importantly, this work employs only collisionless PIC simulations,
which means that any dissipation (i.e., any increase in total kinetic
entropy) that occurs is through numerical effects. Thus, we are unable
to address physical mechanisms for dissipation in the present study.
Using a collisional PIC code would allow for an investigation of the
physical mechanisms of dissipation with the kinetic entropy diagnostic.

There are also numerous physics topics that are important for
future work. Future work should also address parametric studies of
kinetic entropy in magnetic reconnection, as well as in plasma turbu-
lence and collisionless shocks. Generalizations to other forms of
entropy, such as the Tsallis entropy which describes long-range inter-
actions and contains memory effects,97 should also be undertaken.
Whether chaotic behavior is sufficient to produce an entropy increase
should also be the subject of future work. It is important to see if
numerical kinetic entropy production can impact other physical
processes like particle acceleration and heating.
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APPENDIX A: THEORY OF KINETIC ENTROPY

In this section, we discuss the theoretical background of kinetic
entropy and its decomposition into position space entropy and
velocity space entropy.

1. Background on kinetic entropy
For a closed system (which in Nature could be thermally insu-

lated, but in a simulation can also be periodic), the form of kinetic
entropy S in a kinetic framework is32,79

SðtÞ ¼ kB lnXðtÞ; (A1)

where kB is Boltzmann’s constant and X(t) is the number of micro-
states of the system that produce the system’s macrostate at a time t.
In what follows, we suppress the time dependence to simplify the
notation. Each individual plasma species has its own associated kinetic

entropy, so there is an implicit subscript e or i for electrons or ions,
respectively, that is suppressed for clarity when possible. Following the
nomenclature in Frigg and Werndl,98 we refer to the kinetic entropy
in this form as the combinatorial Boltzmann entropy. This is one form
of kinetic entropy we implement in our PIC code.

To elucidate the meaning of kinetic entropy in this form, con-
sider a plasma with a fixed number of charged particles N for each
species. We treat classical, nonrelativistic systems (even though the
PIC code we use is fully relativistic).

For a three-dimensional (3D) system, phase space is 6D with
each particle described by its position and velocity ð~r ;~vÞ. To calcu-
late kinetic entropy, phase space is discretized into domains we call
bins. Figure 7 shows the discretization of an analogous 1D system.
Define Njk as the number of particles in the phase space bin span-
ning positions~r j to~r j þ D~r and velocities~vk to~vk þ D~v at a given
time t, where the components of D~r and D~v describe the extent of
the bin in each direction in phase space. At this point, we nominally
take these bins as finite in size (i.e., not infinitesimal) with an eye to
calculating kinetic entropy in PIC simulations. The volumes of the
bins in position and velocity space are D3r and D3v, respectively. In
a 1D system, subscripts j and k signify the bin in position space and
velocity space, respectively. In 3D, we continue to use j and k as
shorthand to identify the bin, even though we actually need to
specify each component of the position and velocity to identify a
bin. Thus, we think of j to mean jx, jy, jz for the x, y, z directions in
position space and k to mean kx, ky, kz for the vx, vy, vz directions in
velocity space. By definition,

N ¼
X

j;k

Njk: (A2)

A given macrostate is defined by the collection of all the Njk, which via
integration yields all the fluid quantities of the system. A microstate is
a possible way to choose the particles in the system to produce a given
macrostate, treating individual particles classically as distinguishable.

Using this construct, the number X of possible microstates for
a given macrostate is calculated using combinatorics;33 it is the
number of permutations that produce the macrostate with Njk

particles in the jkth cell by swapping individual distinguishable
particles between any of the bins, i.e.,

FIG. 7. Sketch of phase space (x, v) for a 1D system, discretized into a grid. The
number of particles in the bin spanning position xj to xj þ Dx and velocity vk to vk
þ Dv is Njk. This can be suitably extended to higher dimensional systems.
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Phys. Plasmas 26, 082903 (2019); doi: 10.1063/1.5098888 26, 082903-12

Published under license by AIP Publishing

Liang et al., PoP, 2019

• The Boltzmann equation (1872)

•  is an operator describing collisions
• Here, we leave  unspecified
C[ f ]

C[ f ]



Fluid Description From Kinetic Theory
• Velocity moments of  give the bulk propertiesfσ
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do not introduce larger errors after the initial time. Our work used only
the linear shape function; it would be interesting to test other shape
functions. It would also be interesting to examine kinetic entropy in PIC
simulations with open boundary conditions. The present simulations
are 2D in position space and 3D in velocity space; simulations that are
3D in both position and velocity space should be carried out. Most
importantly, this work employs only collisionless PIC simulations,
which means that any dissipation (i.e., any increase in total kinetic
entropy) that occurs is through numerical effects. Thus, we are unable
to address physical mechanisms for dissipation in the present study.
Using a collisional PIC code would allow for an investigation of the
physical mechanisms of dissipation with the kinetic entropy diagnostic.

There are also numerous physics topics that are important for
future work. Future work should also address parametric studies of
kinetic entropy in magnetic reconnection, as well as in plasma turbu-
lence and collisionless shocks. Generalizations to other forms of
entropy, such as the Tsallis entropy which describes long-range inter-
actions and contains memory effects,97 should also be undertaken.
Whether chaotic behavior is sufficient to produce an entropy increase
should also be the subject of future work. It is important to see if
numerical kinetic entropy production can impact other physical
processes like particle acceleration and heating.
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APPENDIX A: THEORY OF KINETIC ENTROPY

In this section, we discuss the theoretical background of kinetic
entropy and its decomposition into position space entropy and
velocity space entropy.

1. Background on kinetic entropy
For a closed system (which in Nature could be thermally insu-

lated, but in a simulation can also be periodic), the form of kinetic
entropy S in a kinetic framework is32,79

SðtÞ ¼ kB lnXðtÞ; (A1)

where kB is Boltzmann’s constant and X(t) is the number of micro-
states of the system that produce the system’s macrostate at a time t.
In what follows, we suppress the time dependence to simplify the
notation. Each individual plasma species has its own associated kinetic

entropy, so there is an implicit subscript e or i for electrons or ions,
respectively, that is suppressed for clarity when possible. Following the
nomenclature in Frigg and Werndl,98 we refer to the kinetic entropy
in this form as the combinatorial Boltzmann entropy. This is one form
of kinetic entropy we implement in our PIC code.

To elucidate the meaning of kinetic entropy in this form, con-
sider a plasma with a fixed number of charged particles N for each
species. We treat classical, nonrelativistic systems (even though the
PIC code we use is fully relativistic).

For a three-dimensional (3D) system, phase space is 6D with
each particle described by its position and velocity ð~r ;~vÞ. To calcu-
late kinetic entropy, phase space is discretized into domains we call
bins. Figure 7 shows the discretization of an analogous 1D system.
Define Njk as the number of particles in the phase space bin span-
ning positions~r j to~r j þ D~r and velocities~vk to~vk þ D~v at a given
time t, where the components of D~r and D~v describe the extent of
the bin in each direction in phase space. At this point, we nominally
take these bins as finite in size (i.e., not infinitesimal) with an eye to
calculating kinetic entropy in PIC simulations. The volumes of the
bins in position and velocity space are D3r and D3v, respectively. In
a 1D system, subscripts j and k signify the bin in position space and
velocity space, respectively. In 3D, we continue to use j and k as
shorthand to identify the bin, even though we actually need to
specify each component of the position and velocity to identify a
bin. Thus, we think of j to mean jx, jy, jz for the x, y, z directions in
position space and k to mean kx, ky, kz for the vx, vy, vz directions in
velocity space. By definition,

N ¼
X

j;k

Njk: (A2)

A given macrostate is defined by the collection of all the Njk, which via
integration yields all the fluid quantities of the system. A microstate is
a possible way to choose the particles in the system to produce a given
macrostate, treating individual particles classically as distinguishable.

Using this construct, the number X of possible microstates for
a given macrostate is calculated using combinatorics;33 it is the
number of permutations that produce the macrostate with Njk

particles in the jkth cell by swapping individual distinguishable
particles between any of the bins, i.e.,

FIG. 7. Sketch of phase space (x, v) for a 1D system, discretized into a grid. The
number of particles in the bin spanning position xj to xj þ Dx and velocity vk to vk
þ Dv is Njk. This can be suitably extended to higher dimensional systems.
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Note, it can take an infinite number of fluid  
moments to describe the shape of !fσ



Temperature in Kinetic Theory?!?
• Temperature  is not well-defined for a system not in LTE, 

but internal energy per particle  is! 

• Can then define the “effective temperature”      according to 

• It is temperature if  were changed to be in LTE with the same 

• “Maxwellianized” distribution  (Grad, J. Soc. Indust. Appl. Math.,1965):

Tσ
Eσ,int

fσ Eσ,int

fσM
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• 2nd moments of Boltzmann equation for species  gives kinetic theory generalizations  
of the fluid energy equations (e.g., Braginskii, Rev. Plasma Phys., 1965)

 

  where 

• Also have Poynting’s theorem:

• terms  energy transport
•  terms  energy conversion/transport via collisions
•   rate of energy density conversion between species  and the electromagnetic field

σ

Jσ = qσnσuσ

∇ ⋅ ⇔
coll ⇔
Jσ ⋅ E ⇔ σ

Energy Conversion via Fluid Moments
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• 2nd moments of Boltzmann equation for species  gives kinetic theory generalizations  
of the fluid energy equations (e.g., Braginskii, Rev. Plasma Phys., 1965)

 

•  = “pressure-strain interaction” = energy density conversion rate between bulk 
kinetic energy and internal energy (Del Sarto et al., PRE, 2016; Yang et al., PRE/PoP, 2017)

• It is collisionless; collisions bring in viscosity, resistivity, conductivity, etc.

• Commonly decomposed into compressible and incompressible parts (pressure dilatation, “Pi-D”)

• In magnetized plasma (fusion), Pi-D is “gyro-viscosity” (e.g., Hazeltine et al., PoP, 2013)

• In a closed collisionless system, the pressure-strain interaction  
describes the net internal energy change (Yang et al., PoP, 2017)

σ

−(Pσ ⋅ ∇) ⋅ uσ

Internal energy  
density equation

Energy Conversion via Fluid Moments
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Physics of Pressure-Strain Interaction
• Fluid interpretation (Del Sarto and Pegoraro, MNRAS, 2018; Cassak and Barbhuiya, PoP, 2022)

• Kinetic interpretation (Cassak and Barbhuiya, PoP, 2022): example of                       , Pi − Dσ,normal
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Pressure-Strain in Observations/Simulations

Pressure-strain interaction can be > 0 or < 0 (unlike viscosity); 
we can identify fluid physics causing the energy conversion 17

Bandyopadhyay et al., PoP, 2021

Chasapis et al., ApJ, 2018

PDU and Flow Shear

Barbhuiya and Cassak, PoP, 2022

Magnetosheath Turbulence

Magnetosheath Reconnection

Reconnection PIC Simulations

Pressure- 
Strain

Compressible Incompressible

Sheared flowConverging flow



non-LTE Energy Conversion and  
the First Law of Thermodynamics

Interspecies  
collisional  

heating rate

“Pi-D”
Incompressible

Deformation

Heat flux density 
divergence, 

transport due to 
non-Maxwellianity

Pressure dilatation  
Compressive heating/ 

expansive cooling

Change in internal 
energy per particle

• This is the non-LTE generalization of the first law of thermodynamics!
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Advantages/Disadvantages
• Advantages
• Fluid moments are easier to interpret
• Readily calculable with kinetic simulations: particle-in-cell, Vlasov/Boltzmann, and hybrid
• Now measurable with state-of-the-art spacecraft: NASA’s  

Magnetospheric MultiScale (MMS) mission (Burch et al., SSR, 2016)

• Disadvantages
• “Closure problem”: fluid moment equations  

do not close without assumptions 
• Interpretation of the physical cause for the  

energy conversion is ambiguous
• Multiple mechanisms can produce  or 
• It is often important to distinguish between energy conversion mechanisms —  

we have to understand energy conversion as a function of ! 

Jσ ⋅ E −(Pσ ⋅ ∇) ⋅ uσ

fσ 19
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• Field-particle interaction approach (Klein and Howes, ApJL, 2016)
• Particle energy per unit phase space volume  is

 

•  evolves according to

• Velocity space integral of field-particle interaction term is 

• The field-particle interaction term describes energy conversion rate  
between fields and particles of species  per phase space volume 

wσ

wσ

Jσ ⋅ E

σ

Energy Conversion in Kinetic Theory

<latexit sha1_base64="SF1ne+dP9fRZY6BPHF1f+DPOnfY=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwISWpom6EohuXFewDmhgm00k7dCYJM5NKCfkJN/6KGxeKuBXc+TdO2wjaeuDCmXPuZe49fsyoVJb1ZRQWFpeWV4qrpbX1jc0tc3unKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cDX2W0MiJI3CWzWKictRL6QBxUhpyTOP7j1H0h5H8AI6gUA4tbO0mkH+Iw/vqjDIH55ZtirWBHCe2Dkpgxx1z/x0uhFOOAkVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6mIeJEuunkqgweaKULg0joChWcqL8nUsSlHHFfd3Kk+nLWG4v/eZ1EBeduSsM4USTE04+ChEEVwXFEsEsFwYqNNEFYUL0rxH2ks1E6yJIOwZ49eZ40qxX7tHJ8c1KuXeZxFMEe2AeHwAZnoAauQR00AAYP4Am8gFfj0Xg23oz3aWvByGd2wR8YH99IM55H</latexit>

w� =
1

2
m�v

2f�

<latexit sha1_base64="a+YaMSFN/Ye1RfAcZD+cJaw+6wc="></latexit>

@w�

@t
+r ·

✓
1

2
m�v

2vf�

◆
+

q�v2

2

✓
E+

v ⇥B

c

◆
·rvf� =

1

2
m�v

2C[f ]

Field-particle interaction CollisionsEnergy flux



21

• Can identify not just the location of energy conversion but where in velocity space it occurs!
• Crucial to identify the kinetic mechanism of the energy conversion

• Example - Landau damping
• Energy conversion causing the damping is by particles near the phase speed of  

the wave resonantly gaining energy from the effectively DC electric field

Field-Particle Interaction

Klein and Howes, ApJL, 2016

Landau damping in a plasma wave

• We consider energy and entropy conversion during Landau damping because it is 
a 1D process that is relatively easier to diagnose [as in Klein and Howes, 2016]

• Landau damping is a well-studied process by which the amplitude 
of a wave decreases, even in a collisionless plasma

• It has been observed in simulations, laboratory experiments 
and space-based observations (e.g., Chen +, 2019)

• In a 1D plasma wave, particles with a speed close to the phase speed of the wave, 
as shown in the figure, either lose (location 2) or gain (location 1) kinetic energy

• If there are more particles gaining 
kinetic energy than losing it, 
the wave amplitude damps

Landau damping is a collective effect 
that arises when there is a negative 

velocity space gradient in the 
distribution function around the 

wave’s phase speed 6

 

 

 

https://www.jeol.com/words/ 
emterms/20121023.060058.php#gsc.tab=0 Perera et al., Poster BP11.00084

Plasma Wave Physics Landau Damping Physics

Field-Particle Interaction
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Field-Particle in Observations/Simulations

measurement here remains above the instrumental noise level for
frequencies ≲100Hz, which covers the range used for the cor-
relation measurement. Since FPI was operating in interleave
mode, in which alternate distributions were sampled at different
points in velocity space59, C′

Ejj;e
ðvÞ was calculated separately for

each of the two sets of distributions. This results in an effective
lower time resolution of 60 ms (corresponding to a maximum
wavenumber kρi ≈ 34, where ρi is the ion gyroradius, under the
Taylor hypothesis) but greater coverage in velocity space when
recombined. The resulting energy transfer measure, combined,
binned, and averaged in ðvjj; v?Þ space, is shown in Fig. 1b. To
ensure reliability, distribution measurements with fewer than
three particle counts and greater than 20% data gaps in time were
excluded, leading to the reduced coverage.

Figure 1b shows a clear signature roughly antisymmetric about
v||= 0. However, this is likely due to the large-scale wave-like
oscillation that dominates the energy transfer62–64. As discussed
in the Methods section, part of the technique is to average out this
oscillation to leave the secular transfer; however, in a turbulent
spectrum, averaging over longer times leads to larger-scale
oscillations dominating the transfer measurement. Instead, the
E|| time series was high-pass filtered at 1 Hz to allow sufficient
averaging for fluctuations above this frequency, but eliminate
contamination from lower-frequency oscillations. This filtering
means that any form of energy transfer in modes below 1 Hz is
not measured by the technique. Together with the finite time
resolution of the data discussed earlier, this means that the
method is sensitive only to energy transfer in a specific range of
spacecraft-frame frequencies, corresponding to 2≲kρi≲34 under
the Taylor hypothesis, which covers the majority of the kinetic

range between the ion and electron gyroscales. In addition, the
fluctuating distribution δfe= fe− f0e was used, which removes the
constant velocity-space structure that does not contribute to the
small-scale energy transfer. The result is shown in Fig. 1c. It can
be seen that the peak is more than an order of magnitude smaller,
as expected for the secular transfer, and a qualitatively different
pattern emerges: a symmetric pair of bipolar signatures at the
thermal speed, evocative of Landau damping. As discussed in the
Methods section, other mechanisms would produce a qualita-
tively different signature.

To check whether this signature is coherent over time (which
it should be for secular transfer and not for oscillatory transfer),
the period was divided into ten subintervals and the same
analysis applied to each. Since the structure is mainly in v||,
a reduced energy transfer measure was calculated, C′

Ejj;e
ðvjjÞ ¼R

C′
Ejj;e

ðvÞ d2v?, which is shown in Fig. 2a as a function of time.
Due to the significant amount of averaging resulting in a less
noisy signal, this could now be converted to the energy transfer
rate specified in Equation (4) using the relation

CEjj;e
ðvjjÞ ¼ $

vjj
2

∂C′
Ejj;e

ðvjjÞ
∂vjj

þ
C′
Ejj;e

ðvjjÞ
2

; ð1Þ

which is shown in Fig. 2b. It can be seen that the symmetric
bipolar pattern is indeed coherent over time, consistent with
secular energy transfer to the electrons. The time average is
shown in Fig. 2c, where the signatures consistent with electron
Landau damping are present at velocities & ± vth;e.

Finally, the curve in Fig. 2c was integrated over vjj to obtain the
net rate of secular transfer of energy density to the electrons
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Fig. 2 Reduced energy transfer rate measurements. a Alternative 1D energy transfer rate C′
Ejj ;e

ðvjjÞ as a function of time t. b 1D energy transfer rate CEjj;e
ðvjjÞ

obtained from Equation (1). c CEjj;e
ðvjjÞ averaged over time; a signature consistent with Landau damping can be seen
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Kinetic Alfvén wave  
in MMS data  

Chen et al., Nat. Comm., 2019

Alfvén wave  
in LAPD lab data  

Schroeder et al.,  
Nat. Comm., 2021

Ion cyclotron damping

Ion Landau damping

Ions in turbulence Ions in shock Electrons in reconnection

McCubbin et al., PoP, 2022
Brown et al., JPP, 2023;  
Juno et al., ApJ, 2023

Klein et al., JPP, 2017Klein et al., JPP, 2020



Going Beyond Energy?

23

• Energy evolution is described by the second moment of 
• The fundamental quantity in kinetic theory is 
• When not in LTE, there can be  

infinitely many moments of !
• Any moment can change as  evolves!
• Is there a reason we care  

about the 2nd moment …  
but not the 47th?!?

fσ
fσ

fσ
fσ

Goldman et al., JGR, 2020

Burch et al., Science, 2016

We argue a complete description of the  
dynamics requires all moments of  fσ



An Entropic Approach
• Potential approaches
• Direct study of  using Vlasov/Boltzmann equation - hard!
• Study of fluid equations of all moments - closure problem!
• Perturbative approach, such as Chapman-Enskog, Onsager relations,  

Grad 13-moment model/Extended Irreversible Thermodynamics 
(EIT), gyrokinetics - only formally valid for weakly non-LTE systems
• Entropic approach
• Entropy  in kinetic theory is related to the number   

of microstates equivalent to a given macrostate, 
• Boltzmann derived kinetic entropy density  for a system with  

fixed number of particles  (e.g., Bellan’s plasma textbook):

fσ

Sσ Wσ
Sσ = kB ln Wσ

sσ
Nσ

24

Photo taken by author

do not introduce larger errors after the initial time. Our work used only
the linear shape function; it would be interesting to test other shape
functions. It would also be interesting to examine kinetic entropy in PIC
simulations with open boundary conditions. The present simulations
are 2D in position space and 3D in velocity space; simulations that are
3D in both position and velocity space should be carried out. Most
importantly, this work employs only collisionless PIC simulations,
which means that any dissipation (i.e., any increase in total kinetic
entropy) that occurs is through numerical effects. Thus, we are unable
to address physical mechanisms for dissipation in the present study.
Using a collisional PIC code would allow for an investigation of the
physical mechanisms of dissipation with the kinetic entropy diagnostic.

There are also numerous physics topics that are important for
future work. Future work should also address parametric studies of
kinetic entropy in magnetic reconnection, as well as in plasma turbu-
lence and collisionless shocks. Generalizations to other forms of
entropy, such as the Tsallis entropy which describes long-range inter-
actions and contains memory effects,97 should also be undertaken.
Whether chaotic behavior is sufficient to produce an entropy increase
should also be the subject of future work. It is important to see if
numerical kinetic entropy production can impact other physical
processes like particle acceleration and heating.
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APPENDIX A: THEORY OF KINETIC ENTROPY

In this section, we discuss the theoretical background of kinetic
entropy and its decomposition into position space entropy and
velocity space entropy.

1. Background on kinetic entropy
For a closed system (which in Nature could be thermally insu-

lated, but in a simulation can also be periodic), the form of kinetic
entropy S in a kinetic framework is32,79

SðtÞ ¼ kB lnXðtÞ; (A1)

where kB is Boltzmann’s constant and X(t) is the number of micro-
states of the system that produce the system’s macrostate at a time t.
In what follows, we suppress the time dependence to simplify the
notation. Each individual plasma species has its own associated kinetic

entropy, so there is an implicit subscript e or i for electrons or ions,
respectively, that is suppressed for clarity when possible. Following the
nomenclature in Frigg and Werndl,98 we refer to the kinetic entropy
in this form as the combinatorial Boltzmann entropy. This is one form
of kinetic entropy we implement in our PIC code.

To elucidate the meaning of kinetic entropy in this form, con-
sider a plasma with a fixed number of charged particles N for each
species. We treat classical, nonrelativistic systems (even though the
PIC code we use is fully relativistic).

For a three-dimensional (3D) system, phase space is 6D with
each particle described by its position and velocity ð~r ;~vÞ. To calcu-
late kinetic entropy, phase space is discretized into domains we call
bins. Figure 7 shows the discretization of an analogous 1D system.
Define Njk as the number of particles in the phase space bin span-
ning positions~r j to~r j þ D~r and velocities~vk to~vk þ D~v at a given
time t, where the components of D~r and D~v describe the extent of
the bin in each direction in phase space. At this point, we nominally
take these bins as finite in size (i.e., not infinitesimal) with an eye to
calculating kinetic entropy in PIC simulations. The volumes of the
bins in position and velocity space are D3r and D3v, respectively. In
a 1D system, subscripts j and k signify the bin in position space and
velocity space, respectively. In 3D, we continue to use j and k as
shorthand to identify the bin, even though we actually need to
specify each component of the position and velocity to identify a
bin. Thus, we think of j to mean jx, jy, jz for the x, y, z directions in
position space and k to mean kx, ky, kz for the vx, vy, vz directions in
velocity space. By definition,

N ¼
X

j;k

Njk: (A2)

A given macrostate is defined by the collection of all the Njk, which via
integration yields all the fluid quantities of the system. A microstate is
a possible way to choose the particles in the system to produce a given
macrostate, treating individual particles classically as distinguishable.

Using this construct, the number X of possible microstates for
a given macrostate is calculated using combinatorics;33 it is the
number of permutations that produce the macrostate with Njk

particles in the jkth cell by swapping individual distinguishable
particles between any of the bins, i.e.,

FIG. 7. Sketch of phase space (x, v) for a 1D system, discretized into a grid. The
number of particles in the bin spanning position xj to xj þ Dx and velocity vk to vk
þ Dv is Njk. This can be suitably extended to higher dimensional systems.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 26, 082903 (2019); doi: 10.1063/1.5098888 26, 082903-12

Published under license by AIP Publishing

Liang et al., PoP, 2019



“Relative Entropy” and Higher Order Moments
• Entropy contains information about all the “internal” moments of  (moments of powers of 

)

• Consider the “relative entropy”  (Grad, J. Soc. Indust. Appl. Math., 1965) 
 
 
 

• Related to “Kullback-Leibler divergence” (Kullback and Leibler, Ann. Math. Statist., 1951)  
in information theory
• Measures statistical separation between distribution  and a reference distribution 
•  if  is Maxwellian and  if not (Grad, J. Soc. Indust. Appl. Math., 1965)

• It is a measure of non-Maxwellianity of 
• There are other non-Maxwellianity measures (Kaufmann and Paterson, JGR, 2009;  

Greco et al., PRE, 2012; Servidio et al., PRL, 2017; Liang et al., JPP, 2020)

fσvj − uj

sσ,rel

fσ fσM
sσ,rel = 0 fσ sσ,rel < 0

fσ
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Example - Landau Damping
• Entropy conversion in a 1D traveling 

plasma wave with charge neutralizing ions

• Conservation of energy gives final 
temperature (known since 1960s)

• Conservation of entropy gives the final 
position space, velocity space, and 
relative entropies (Perera et al., in prep)

• Validated as a function of density 
perturbation in 1D-1V PIC simulations

• See also Celebre et al., PoP, 2023
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Entropy exchange during Landau damping
• We calculate the changes of the various 

kinetic entropies as a function of time 
for the 𝑛 = 0.02 simulation

• Top plot – 
• The total kinetic entropy ∆𝑆 (blue line) 

is reasonably well conserved
• The position space entropy ∆𝑆𝑝 

(orange) increases in time as 
expected; its asymptotic value is 
consistent with the theory on slide 8

• The velocity space entropy ∆𝑆𝑣 (green) 
decreases, as it must to conserve 
entropy

• Bottom plot –
• ∆𝑆𝑣,𝜖 (brown) increases as expected by 

the amount predicted on slide 8
• ∆𝑆𝑣,𝑟𝑒𝑙  (red) decreases as expected by 

the amount predicted on slide 8

The entropy changes at large time 
match well with the predicted values 

(Perera +, in prep) 13
Parametric study results

• We repeat the final 
temperature calculations for 
different perturbation 
amplitudes 𝑛 from 0.02 to 0.1

• The plot shows the predicted 
final temperature (orange line) 
and simulation results (blue 
dots) for different 𝑛 

• These results confirm that 
we can calculate the final 
temperature for a fully damped 
electron plasma wave in terms 
of only the initial conditions 
and the wave perturbation 
amplitude (Perera +, in prep)
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Parametric study results

• We repeat the change in kinetic entropy 
calculations for different perturbation 
amplitudes 𝑛 from 0.02 to 0.1

• Top plot –
• The position space kinetic entropy change 

∆𝑆𝑝 (blue dots) in the simulations match 
very well 
with the theory on slide 8 
(orange curve)

• Bottom plot – 
• The kinetic entropy changes ∆𝑆𝑣,𝜖 

(blue dots) and ∆𝑆𝑣,𝑟𝑒𝑙 (green dots) in the 
simulations match very well with the 
theory on slide 8 (orange and red curves)

• These results confirm that 
we can calculate the final 
kinetic entropy for a fully damped electron 
plasma wave in terms of only the initial 
conditions and the wave perturbation 
amplitude (Perera +, in prep)
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Conservation of energy Conservation of entropy

Final 
temperature

Final position  
space entropy

Final velocity  
space entropy

Final relative  
entropy

Perera et al., in prep

Energy exchange during Landau damping
• We calculate the change in 

various forms of energy 
∆𝐸 =  𝐸 𝑡 −  𝐸 𝑡 = 0

as a function of time for 
the 𝑛 = 0.02 simulation

• Total energy is conserved 
to 0.003% by 𝑡 = 25

• As expected for Landau 
damping, the electric field 
energy and bulk kinetic energy 
decay exponentially, while 
the thermal energy increases
(Perera +, in prep)
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Time Evolution of Relative Entropy 
• Time derivative of  quantifies the rate at which  

the shape of  changes (Cassak et al., PRL, 2023)
sσ,rel

fσ
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Evolving towards LTE  
(thermalizing)
Evolving away from LTE  
(more non-thermal)
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diffusion region (EDR) (jx− x0j< 1;0.45< jy− y0j< 1),
electrons get trapped by the upstream magnetic field [34],
so fe becomes non-Maxwellian [dark red in Fig. 2(b)], with
fe elongated in the parallel direction [Fig. 2(i)]. Thus, in the
comoving frame, as a fluid element convects toward the X
line from upstream, fe evolves away from Maxwellianity,
consistent with Fig. 2(e), where dEe;rel=dt < 0. Continuing
toward the X line, fe develops striations [Fig. 2(j)] due to
electrons becoming demagnetized in the reversed magnetic
field [90,91]. This is associated with evolution away from
LTE [blue in Fig. 2(e)]. Downstream of the X line, there is a
red patch in Fig. 2(e) at jx − x0j ≃ 1.25; jy − y0j ≃ 0 where
electrons thermalize (Maxwellianize) [92,93], which is
seen in fe [Fig. 2(k)]. Just downstream from there
(jx − x0j ≃ 1.8), fe evolves away from LTE where electrons
begin to remagnetize at the downstream edge of the EDR
[92,94] [Fig. 2(l)]. These results confirm the sign of dEσ;rel
identifies whether fσ changes shape toward or away from
LTE in the comoving frame.
Next, we demonstrate the quantitative importance of

relative energy. Rates of work and internal energy per
particle are shown in Figs. 2(c) and 2(d), respectively.

Cuts of these quantities through the X line in the horizontal
and vertical directions, along with dEe;rel=dt, are plotted in
Figs. 2(g) and 2(h), respectively. At the X line, the values
are 0.031, 0.027, and −0.016, respectively, in normalized
code units. Their sum, 0.042, is the total rate of energy per
particle going into internal moments of electrons. To see
that relative energy is important, the standard approach
using Eq. (1) would say the energy rate going into changing
ne and T e is 0.031þ 0.027 ¼ 0.058, 38% higher than the
total rate when relative energy is included, which is a
significant difference.
To assess its importance in other locations, Fig. 2(f) shows

log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&, with a color bar saturated
at '2 to better reveal details. Where internal and relative
energy changes are comparable are white. Locations where
jdEe;relj exceeds jdEe;intj are red, especially just upstream of
the EDR. In the deep blue regions, jdEe;relj ≪ jdEe;intj. In the
light blue regions, including much of the EDR and island,
jdEe;relj is at least 20% of the magnitude of jdEe;intj. Thus,
energy conversion associated with non-LTE internal
moments in reconnection is broadly non-negligible and
can be locally significant or even dominant.

FIG. 2. Electron energy conversion in a PIC simulation of magnetic reconnection. (a) Out-of-plane current density Jz, with projections
of magnetic field lines and segments of electron velocity streamlines overplotted in black and orange, respectively. (b) Electron entropy-
based non-Maxwellianity M̄KP;e. Time rates of change per particle of (c) work dWe=dt, (d) internal energy dEe;int=dt, and (e) relative
energy dEe;rel=dt. (f) log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&. 1D cuts of the terms in (c)–(e) in the (g) x and (h) y directions. (i)–(l) Reduced
electron phase space density feðvx; vzÞ at locations denoted by the colored x’s at the top left of the plots corresponding to the x’s in
(b) along a streamline.
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comoving frame, as a fluid element convects toward the X
line from upstream, fe evolves away from Maxwellianity,
consistent with Fig. 2(e), where dEe;rel=dt < 0. Continuing
toward the X line, fe develops striations [Fig. 2(j)] due to
electrons becoming demagnetized in the reversed magnetic
field [90,91]. This is associated with evolution away from
LTE [blue in Fig. 2(e)]. Downstream of the X line, there is a
red patch in Fig. 2(e) at jx − x0j ≃ 1.25; jy − y0j ≃ 0 where
electrons thermalize (Maxwellianize) [92,93], which is
seen in fe [Fig. 2(k)]. Just downstream from there
(jx − x0j ≃ 1.8), fe evolves away from LTE where electrons
begin to remagnetize at the downstream edge of the EDR
[92,94] [Fig. 2(l)]. These results confirm the sign of dEσ;rel
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code units. Their sum, 0.042, is the total rate of energy per
particle going into internal moments of electrons. To see
that relative energy is important, the standard approach
using Eq. (1) would say the energy rate going into changing
ne and T e is 0.031þ 0.027 ¼ 0.058, 38% higher than the
total rate when relative energy is included, which is a
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To assess its importance in other locations, Fig. 2(f) shows
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jdEe;relj is at least 20% of the magnitude of jdEe;intj. Thus,
energy conversion associated with non-LTE internal
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FIG. 2. Electron energy conversion in a PIC simulation of magnetic reconnection. (a) Out-of-plane current density Jz, with projections
of magnetic field lines and segments of electron velocity streamlines overplotted in black and orange, respectively. (b) Electron entropy-
based non-Maxwellianity M̄KP;e. Time rates of change per particle of (c) work dWe=dt, (d) internal energy dEe;int=dt, and (e) relative
energy dEe;rel=dt. (f) log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&. 1D cuts of the terms in (c)–(e) in the (g) x and (h) y directions. (i)–(l) Reduced
electron phase space density feðvx; vzÞ at locations denoted by the colored x’s at the top left of the plots corresponding to the x’s in
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• We defined “Higher ORder Non-Equilibrium Terms” (HORNET)  
 with dimensions of power density (Barbhuiya et al.,  

PRE, submitted)

• If initial  is in LTE and final  is not in LTE,  
 quantifies how non-adiabatic the process is

• Can make direct comparison with power densities,  
such as  and pressure-strain interaction

Pσ,HORNET

fσ fσ
Pσ,HORNET

Jσ ⋅ E
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Examples - Reconnection & Turbulence
• 2D collisionless particle-in-cell 

simulations of magnetic 
reconnection and decaying 
plasma turbulence  
(Barbhuiya et al., submitted)

• Results:
• In reconnection, HORNET  

has the sign expected from 
knowledge of evolution of 
• HORNET can be locally 

important, but the net is  
small when integrated over 
the electron diffusion region

• In turbulence simulation, 
system average can be up  
to 67% of power densities!
• Non-LTE effects can be  

dynamically significant!

fσ

Cassak et al.,  
PRL, 2023

diffusion region (EDR) (jx− x0j< 1;0.45< jy− y0j< 1),
electrons get trapped by the upstream magnetic field [34],
so fe becomes non-Maxwellian [dark red in Fig. 2(b)], with
fe elongated in the parallel direction [Fig. 2(i)]. Thus, in the
comoving frame, as a fluid element convects toward the X
line from upstream, fe evolves away from Maxwellianity,
consistent with Fig. 2(e), where dEe;rel=dt < 0. Continuing
toward the X line, fe develops striations [Fig. 2(j)] due to
electrons becoming demagnetized in the reversed magnetic
field [90,91]. This is associated with evolution away from
LTE [blue in Fig. 2(e)]. Downstream of the X line, there is a
red patch in Fig. 2(e) at jx − x0j ≃ 1.25; jy − y0j ≃ 0 where
electrons thermalize (Maxwellianize) [92,93], which is
seen in fe [Fig. 2(k)]. Just downstream from there
(jx − x0j ≃ 1.8), fe evolves away from LTE where electrons
begin to remagnetize at the downstream edge of the EDR
[92,94] [Fig. 2(l)]. These results confirm the sign of dEσ;rel
identifies whether fσ changes shape toward or away from
LTE in the comoving frame.
Next, we demonstrate the quantitative importance of

relative energy. Rates of work and internal energy per
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Figs. 2(g) and 2(h), respectively. At the X line, the values
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the EDR. In the deep blue regions, jdEe;relj ≪ jdEe;intj. In the
light blue regions, including much of the EDR and island,
jdEe;relj is at least 20% of the magnitude of jdEe;intj. Thus,
energy conversion associated with non-LTE internal
moments in reconnection is broadly non-negligible and
can be locally significant or even dominant.

FIG. 2. Electron energy conversion in a PIC simulation of magnetic reconnection. (a) Out-of-plane current density Jz, with projections
of magnetic field lines and segments of electron velocity streamlines overplotted in black and orange, respectively. (b) Electron entropy-
based non-Maxwellianity M̄KP;e. Time rates of change per particle of (c) work dWe=dt, (d) internal energy dEe;int=dt, and (e) relative
energy dEe;rel=dt. (f) log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&. 1D cuts of the terms in (c)–(e) in the (g) x and (h) y directions. (i)–(l) Reduced
electron phase space density feðvx; vzÞ at locations denoted by the colored x’s at the top left of the plots corresponding to the x’s in
(b) along a streamline.
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FIG. 1. Particle-in-cell simulation results of power densities for electrons and ions during the onset phase of reconnection
(t = 13). (a) and (e) higher order non-equilibrium terms power density Pe,HORNET and Pi,HORNET, (b) and (f) pressure
dilatation �Pe(r ·ue) and �Pi(r ·ui), (c) and (g) Pi�De and Pi�Di, and (d) and (h) heat flux density divergence �r ·qe

and �r · qi.

phase space densities are elongated in the parallel di-474

rection [46], and positions close enough to the X-line475

have another population due to the Speiser orbits asso-476

ciated with motion perpendicular to the magnetic field.477

The resultant distribution in the (vx, vy)-plane is a more478

Maxwellian distribution. Therefore, an electron fluid ele-479

ment entering the EDR has a negative Pe,HORNET. Phase480

space densities in relevant regions are plotted in Ap-481

pendix A. Thermalization of the outflowing electron jets482

downstream of the X-line [50–53] is observed at the EDR483

outflow edge (1.6 < |x� x0| < 2.0), associated with neg-484

ative Pe,HORNET ' �0.002.485

For the ions, the ion di↵usion region (IDR) is expected486

to have a vertical extent of |y � y0| < 2.24, but the sim-487

ulation domain is too small to allow full ion coupling to488

the reconnection process; the simulation domain would489

have to be � 40 ⇥ 2.24 ' 90 for the ions to fully couple490

[54]. Upstream of the EDR, Fig. 1(e) demonstrates that491

Pi,HORNET is weakly positive and gradually increases ap-492

proaching the X-line, where it has a maximum value of493

' 0.013. This indicates that ions become more non-494

Maxwellian (in the Lagrangian frame) approaching the495

X-line. This is consistent with expectations since ions de-496

magnetize when their gyroradii exceed the distance from497

their guiding center to the magnetic field reversal, so only498

the most energetic ions are demagnetized further from499

the X-line and more ions are demagnetized closer to the500

X-line.501

The ions in the exhaust just downstream of the EDR502

have positive Pi,HORNET with characteristic value 0.006,503

indicating an evolution away from Maxwellianity in these504

regions. This is likely from demagnetizing ions crossing505

the separatrix rather than crossing through the EDR.506

We expect for a larger system and at later times that507

ions would thermalize further downstream from the EDR,508

which would be associated with Pi,HORNET < 0, but we509

do not observe it in our simulation since the system is not510

in the steady-state and the simulation domain is small.511

Interestingly, starting at approximately |x � x0| ' 1.6512

along the separatrices outside of the EDR, Pi,HORNET is513
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FIG. 3. Particle-in-cell simulation results comparing power densities for electrons and ions during decaying turbulence at
t = 30. (a) and (e) higher order non-equilibrium terms power density Pe,HORNET and Pi,HORNET, (b) and (f) pressure dilatation
�Pe(r · ue) and �Pi(r · ui), (c) and (g) Pi�De and Pi�Di, (d) and (h) heat flux density divergence �r · qe and �r · qi.
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FIG. 3. Particle-in-cell simulation results comparing power densities for electrons and ions during decaying turbulence at
t = 30. (a) and (e) higher order non-equilibrium terms power density Pe,HORNET and Pi,HORNET, (b) and (f) pressure dilatation
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Kinetic Entropy Evolution
• Evolution equations for  (e.g., Eyink, PRX, 2018) and  (Eu, JCP, 1995; Cassak et al., PRL, 2023):

• A trick: decompose  into 2 terms,  and  (Mouhot & Villani, Acta Math, 2011; Liang et al., PoP, 2019): 
 

• and decompose  into two terms:

• After suitable decomposition of       and , top right equation becomes

• The entropy equation contains the non-LTE generalization of the first law of thermodynamics (and more!)

sσ sσ /nσ

sσ sσP sσV

sσV /nσ

·sσ,coll
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A. Derivation of Kinetic Entropy Evolution

Equation

The evolution equation for the kinetic entropy density
s� defined in Eq. (2) is obtained by taking its partial time
derivative and eliminating @f�/@t using the Boltzmann
equation [1],

@f�
@t

+ v ·rf� +
F�

m�
·rvf� = C[f ], (S.1)

where F� is the sum of any body forces, rv is the velocity
space gradient operator, and C[f ] is the inter- and intra-
species collision operator, yielding [2–4]

@s�
@t

+r ·J � = ṡ�,coll, (S.2)

where J � is the kinetic entropy density flux

J � = �kB

Z
vf� ln
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and ṡ�,coll is the local time rate of change of kinetic en-
tropy density through collisions,

ṡ�,coll = �kB

Z
C[f ] ln
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Note, there is no term containing body forces such as
the electric and magnetic forces in Eq. (S.2) because the
force term in Eq. (S.1) identically vanishes in deriving
Eq. (S.2). An equivalent form of Eq. (S.2) comes from
writing v = u� + v0

� in Eq. (S.3), which implies J � =
s�u� +J �,th, where the thermal kinetic entropy density
flux J �,th is defined as

J �,th = �kB

Z
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Then, Eq. (S.2) becomes [3]

@s�
@t

+r · (s�u� +J �,th) = ṡ�,coll. (S.6)

This equation is in the stationary (Eulerian) reference
frame.
Here, we manipulate Eq. (S.6) to derive an evolution

equation for kinetic entropy per particle s�/n� in a co-
moving (Lagrangian) frame [Eq. (3)]. Using the convec-
tive derivative d/dt = @/@t+u� ·r and dividing Eq. (S.6)
by the density n� gives
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ds�
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(r · u�) +
r ·J �,th
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ṡ�,coll
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Using the continuity equation dn�/dt = �n�r ·u� (since
N� is assumed constant), we get
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n�
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Finally, the two terms on the left are equal to
d(s�/n�)/dt, which completes the derivation of Eq. (3).
We conclude this section with two important notes.

First, Eq. (2) is the “Boltzmann” form of kinetic en-
tropy density s�. For collisionless systems, any function
of f� is conserved, so other entropies could be defined
[5]. We choose the Boltzmann entropy because it re-
duces to the ideal fluid entropy density for a system in
LTE and, for collisional systems, the total Boltzmann
entropy S� =

R
s�d3r obeys an H-theorem (S� is non-

decreasing in time) for a reasonably defined collision op-
erator [6]. Neither need be the case for other entropies.
The present analysis may be redone for other entropies
for future work.
Second, the approach we use remains valid even if there

is an entropy source in the Boltzmann equation beyond
collisions, such as due to boundaries of a finite domain.
Such sources can lead to non-conservation of total kinetic
entropy S� =

R
s�d3r even in collisionless systems [7],

but s� is local in space and time and therefore remains
well-defined.
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A. Derivation of Kinetic Entropy Evolution

Equation

The evolution equation for the kinetic entropy density
s� defined in Eq. (2) is obtained by taking its partial time
derivative and eliminating @f�/@t using the Boltzmann
equation [1],

@f�
@t

+ v ·rf� +
F�

m�
·rvf� = C[f ], (S.1)

where F� is the sum of any body forces, rv is the velocity
space gradient operator, and C[f ] is the inter- and intra-
species collision operator, yielding [2–4]
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ṡ�,coll = �kB

Z
C[f ] ln

✓
f��3r��3v�

N�

◆
d3v. (S.4)

Note, there is no term containing body forces such as
the electric and magnetic forces in Eq. (S.2) because the
force term in Eq. (S.1) identically vanishes in deriving
Eq. (S.2). An equivalent form of Eq. (S.2) comes from
writing v = u� + v0

� in Eq. (S.3), which implies J � =
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flux J �,th is defined as
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Then, Eq. (S.2) becomes [3]
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This equation is in the stationary (Eulerian) reference
frame.
Here, we manipulate Eq. (S.6) to derive an evolution

equation for kinetic entropy per particle s�/n� in a co-
moving (Lagrangian) frame [Eq. (3)]. Using the convec-
tive derivative d/dt = @/@t+u� ·r and dividing Eq. (S.6)
by the density n� gives
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Using the continuity equation dn�/dt = �n�r ·u� (since
N� is assumed constant), we get
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Finally, the two terms on the left are equal to
d(s�/n�)/dt, which completes the derivation of Eq. (3).
We conclude this section with two important notes.

First, Eq. (2) is the “Boltzmann” form of kinetic en-
tropy density s�. For collisionless systems, any function
of f� is conserved, so other entropies could be defined
[5]. We choose the Boltzmann entropy because it re-
duces to the ideal fluid entropy density for a system in
LTE and, for collisional systems, the total Boltzmann
entropy S� =

R
s�d3r obeys an H-theorem (S� is non-

decreasing in time) for a reasonably defined collision op-
erator [6]. Neither need be the case for other entropies.
The present analysis may be redone for other entropies
for future work.
Second, the approach we use remains valid even if there

is an entropy source in the Boltzmann equation beyond
collisions, such as due to boundaries of a finite domain.
Such sources can lead to non-conservation of total kinetic
entropy S� =

R
s�d3r even in collisionless systems [7],

but s� is local in space and time and therefore remains
well-defined.
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• Interpretation 1: In the gyrokinetic limit (Schekochihin et al., ApJS, 2009),  is proportional  
to the “free energy” (Cassak et al., PRL, 2023, Celebre et al., PoP, 2023)

• Interpretation 2: Subtract out the non-LTE generalization of the first law of thermodynamics:

• First law of thermodynamics describes energy conversion; this equation supplements  
the first law for non-LTE systems, describing the time evolution the shape of 

• Interpretation 3: Combine the “relative” terms with their non-LTE thermodynamic counterparts,  
 and :

• Interpret the first law of thermodynamics in LTE as linking the evolution of all the  
internal moments necessary to describe the system ( , );  
then this expression generalizes the first law of thermodynamics for non-LTE  
systems that can in principle have an infinite number of internal moments
• We call it “the first law of kinetic theory” (Cassak et al., PRL, 2023)

• First principles, only assumption is that  is conserved, valid arbitrarily far from LTE, avoids the “closure problem”

sσ,rel

fσ

dEσ,gen = dEσ,int + dEσ,rel dQσ,gen = dQσ + dQσ,rel

nσ ↔ dWσ Tσ ↔ dEσ,int

Nσ 30
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Putting It All Together: PS, FPI, & HORNET

We’re developing the ability to understand energy conversion and  
phase space density evolution at the phase space density-level
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Asymmetry in  
parallel to   

net positive energy 
conversion from 

EM to bulk kinetic 

fσ
E ⇒

   evolving 
towards Maxwellianity

Pσ,HORNET < 0 ⇒ fσ

  flow 
convergence broadens , 
internal energy increases

−(Pσ ⋅ ∇) ⋅ uσ > 0 ⇒
fσ



Open Questions
• Can the absolute and relative energy conversion metrics and HORNET  

be predicted/understood for different ambient plasma parameters and  
for different physical phenomena? (e.g., Conley et al., JPP, 2023)

• How do the microphysical non-LTE effects described here fit in  
to meso-scale and macro-scale dynamics?  Can non-LTE effects  
be captured as fluid closures, such as through machine learning?

• What are the role of body forces in changing internal energy?

• How does one relax the assumption about the number of particles being  
conserved? Seems necessary for applications to low temperature plasmas!

• Are the metrics accessible to observational or experimental scrutiny?

• MMS has been used to measure field-particle correlation (Chen et al.,  
Nat. Comm., 2019) and pressure-strain interaction (numerous studies)

• Pressure-strain at ion/MHD scales will be measured by NASA’s HelioSwarm

• MMS has sufficient spatio-temporal resolution to directly measure  
kinetic entropy reasonably well (Argall et al., PoP, 2022; Lindberg et al.,  
Entropy, 2022; Agapitov et al., arXiv, 2023)

• These observations did not include relative entropy 
Argall et al., PoP, 2022 32



Open Questions
• How can non-LTE approaches describe power-law distributions from 

particle acceleration?  It was recently addressed using entropic approach by 
Zhdankin (PRX, 2022; J Phys A 2023)

• How do collisions modify non-LTE energy conversion and produce 
irreversible dissipation (e.g., Pezzi et al., PoP, 2019; Matthaeus et al.,  
ApJ, 2020; Pezzi et al., MNRAS, 2021; Celebre et al., PoP, 2023)?

• How does entropic approach work for systems for which LTE distributions 
are not the best reference distributions (e.g., Lynden-Bell, MNRAS, 1967; 
Eu, JCP, 1995; Livadiotis, Europhys. Lett., 2018)?

• Can the entropic approach be applied outside  
of plasma physics that employ kinetic theory?

• Jeans equation for stellar dynamics in galaxies, many body simulations  
of astrophysical systems, molecular dynamics simulations of micro-  
and nano-fluids for chemical and biological systems

• There is an analogous result for quantum statistical mechanics with 
applications to entanglement (Floerchinger and Haas, PRE, 2020)
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https://philippos.info/nbody/

Many body simulation
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