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It was recently shown that the slow �collisional� Sweet-Parker and the fast �collisionless� Hall
magnetic reconnection solutions simultaneously exist for a wide range of resistivities; reconnection
is bistable �Cassak, Shay, and Drake, Phys. Rev. Lett., 95, 235002 �2005��. When the thickness of
the dissipation region becomes smaller than a critical value, the Sweet-Parker solution disappears
and fast reconnection ensues, potentially explaining how large amounts of magnetic free energy can
accrue without significant release before the onset of fast reconnection. Two-fluid numerical
simulations extending the previous results for anti-parallel reconnection �where the critical thickness
is the ion skin depth� to component reconnection with a large guide field �where the critical
thickness is the thermal ion Larmor radius� are presented. Applications to laboratory experiments of
magnetic reconnection and the sawtooth crash are discussed. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2734948�

A long-standing puzzle about magnetic reconnection is
to explain why systems with magnetic free energy remain
outwardly stable for long times with very little magnetic en-
ergy release before a sudden onset of reconnection begins the
rapid release of the stored energy. This occurs, for example,
in solar eruptions and the sawtooth crash in fusion devices.

A great deal of progress has been made in explaining
how magnetic energy is rapidly released once onset occurs.
While magnetic energy is released very slowly during �col-
lisional� Sweet-Parker reconnection,1,2 the energy release
during �collisionless� Hall reconnection is as fast as seen in
observations.3,4 Of particular importance to the present study,
simulations and theory5–9 of reconnection with a strong out
of plane �guide� magnetic field showed the importance of the
Hall and electron pressure gradient terms in achieving fast
reconnection. Hall reconnection is fast because the dispersive
standing whistler or kinetic Alfvén waves generating recon-
nection outflow set up the Petschek open outflow �X-type�
configuration.10,11 Signatures of Hall reconnection have been
observed in the Earth’s magnetosphere12–15 and in laboratory
devices.16,17

It is imperative to explain why fast �Hall� reconnection
does not always occur. If reconnection is always fast, free
magnetic energy cannot accumulate, precluding large explo-
sions. Recently, it was shown that reconnection is bistable;
namely, the Sweet-Parker and Hall solutions are both poten-
tially accessible for a wide range of collisionalities.18 The
configuration the system takes is history dependent. Further-
more, the edge of the bistable region is abrupt; the Sweet-
Parker and Hall solutions disappear catastrophically beyond
critical values of a normalized resistivity, ��
=�c2 /4�cA,updi, where � is the classical resistivity, cA,up

=Bup/ �4�min�1/2 is the ion Alfvén speed based on the density

n and the component of the reconnecting magnetic field Bup

immediately upstream of the dissipation region, and di

=c /�pi is the ion skin depth, where �pi is the ion plasma
frequency. Coupling to the whistler wave due to the Hall
effect begins at the scale length di.

As discussed in Ref. 18, this result provides a potential
solution to the onset problem. In a system that goes unstable
to reconnection, the magnetic field upstream of the dissipa-
tion region Bup is initially very small. Thus, the normalized
resistivity �� is very large and the system undergoes Sweet-
Parker reconnection. Since the rate of energy release during
Sweet-Parker reconnection is low, magnetic energy can ac-
cumulate. As reconnection proceeds, the upstream magnetic
field Bup increases, which decreases the parameter ��. A tran-
sition to Hall reconnection occurs when �� crosses a critical
value.19 This explosively releases the magnetic free energy.

The bistability of reconnection was verified with numeri-
cal simulations in Ref. 18 for the special case of anti-parallel
reconnection. The Sweet-Parker solution disappears when
the thickness of the Sweet-Parker dissipation region �SP

=LSP��c2 /4�cA,upLSP�1/2, where LSP is the length of the
Sweet-Parker dissipation region falls below di. In the present
paper, we extend the result to the more generic case of re-
connection with a guide field, which is relevant to fusion
plasmas and probably the solar corona.20 We show that the
transition from Sweet-Parker to Hall reconnection occurs
when �SP falls below the ion Larmor radius �s=cs /�ci,
where cs= �T /mi�1/2 is the ion sound speed, �ci=eB /mic is
the ion cyclotron frequency, T is the total temperature, and B
is the magnitude of the total magnetic field strength. The
length scale �s is introduced by the electron pressure
gradient6,7,21,22 and is the length scale at which coupling to
the kinetic Alfvén wave begins.11

The condition that the Sweet-Parker solution exists, i.e.,
�SP��s, can be written as
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�� � �sf� , �1�

where ��=�c2 /4�cA,updi is the normalized resistivity, de-
fined in this way to be consistent with the anti-parallel defi-
nition, and �sf� =�s

2 /diLSP. If a system is undergoing Sweet-
Parker reconnection and �� decreases, Sweet-Parker
reconnection will continue provided ����sf� .

Just as in the anti-parallel case, the condition that the
Hall solution exists is that diffusion �c2 /4��e

2 of magnetic
fields in the electron dissipation region is dominated by con-
vection vin,e /�e of magnetic fields into the electron dissipa-
tion region, where vin,e is the electron inflow speed into the
electron dissipation region of thickness �e. How do �e and
vin,e scale in component reconnection? Particle simulations
have revealed that �e scales like the electron Larmor
radius.23,24 In the fluid simulations to follow, nongyrotropic
elements of the electron pressure tensor are not retained, so
the electron frozen-in condition is broken by electron inertia
and �e scales like the electron skin depth de=c /�pe, where
�pe is the electron plasma frequency. The scaling of the in-
flow speed with system parameters has not been fully ex-
plored. In anti-parallel reconnection, the inflow speed scales
like vin,e�0.1cA,e,up,

3,25 where cA,e,up is the electron Alfvén
speed based on the magnetic field Be,up immediately up-
stream of the electron dissipation region. This speed is also
the phase speed of the whistler wave evaluated with k
�1/de. By analogy, one might expect the outflow speed for
component reconnection to be the phase speed of the kinetic
Alfvén wave evaluated with k�1/�e�1/de, which is vph

��1/2cA,e,up, where �=cs
2 /cA

2 is the plasma �. While this
result has not been established numerically, results of a
benchmark simulation were consistent with this scaling. Tak-
ing the inflow speed vin,e to scale like 0.1vph, the Hall recon-
nection validity condition can be written as

�� 	 �fs� , �2�

where �fs� �0.1�1/2Be,up /Bup. If a system is undergoing Hall
reconnection and �� increases, Hall reconnection will con-
tinue as long as ��	�fs� .

The range in �� for which reconnection is bistable is,
therefore, �sf� 	��	�fs� . The ratio of the critical �� scales is
�sf� /�fs� �10Bup�s /Be,upLSP, which is small because �s
LSP

for systems of physical interest. Thus, bistability is present
over a wide range ��, just as in the anti-parallel case.

To numerically demonstrate bistability of reconnection
for �sf� 	��	�fs� , we use the same technique as in Ref. 18.
Namely, we show that a system undergoing Hall reconnec-
tion with a resistivity below �fs� continues to do so for any
value of resistivity below this value. We then show that a
system undergoing Sweet-Parker reconnection with a resis-
tivity above �sf� will continue to do so for any value of resis-
tivity above this value.

The simulations are performed using the massively par-
allel two-fluid code F3D

26 in a periodic two-dimensional do-
main with a slab geometry of size Lx�Ly =204.8di

�102.4di and a cell size of 0.05di�0.05di. The initial equi-
librium is two Harris sheets in a double tearing mode
configuration; i.e., B= x̂B0�tanh��y+Ly /4� /w0�−tanh��y
−Ly /4� /w0�−1�+ ẑBg with Bg=5B0 and w0=1di. The ions

are initially stationary and initial pressure balance is enforced
by a nonuniform density. The plasma is isothermal for sim-
plicity. A coherent perturbation of amplitude 0.002B0 is
seeded over the equilibrium magnetic field to induce recon-
nection. The resistivity � is uniform. A small fourth-order
dissipation, i.e., ��4�

4 with �4=2�10−5, is used in all of
the equations to discourage secondary island formation.
Lengths are normalized to di= �mic

2 /4�n0e2�1/2, velocities to
cA0=B0 / �4�min0�1/2, resistivities to �0=4�cA0di /c2, and
electric fields to E0=B0cA0/c, where n0 is the density far
from the current sheets.

The temperature is fixed at T0=5B0
2 /4�n0, making the

total plasma �=4�nT /B2�0.19 far from the sheet and the
in-plane �rec=4�nT /B0

2=5. These values were chosen to be
in the kinetic Alfvén wave regime with �rec1�.11 The
electron mass is me=mi /25 �i.e., de=c /�pe=0.2di�. Although
this value is unrealistic, the electron mass only controls dis-
sipation at the electron scales, which does not greatly impact
the rate of component Hall reconnection,27,28 so the results
should be insensitive to me.

For this computational domain, we estimate the predic-
tions for �sf� and �fs� . Since the half-length of the Sweet-
Parker layer LSP scales with the system size,29–31 LSP

�Lx /4�50di. Benchmark resistive-MHD simulations put
the value closer to LSP�38di. Using �s

2=�di
2, one finds

�sf� =
�s

2

diLSP
=

�di

LSP
� 0.005, �3�

From benchmark simulations of Hall reconnection, the mag-
netic field strength upstream of the electron and ion dissipa-
tion regions are Be,up�0.35B0 and Bup�0.8B0, so

�fs� � 0.1�1/2Be,up

Bup
� 0.019. �4�

We emphasize that these scales differ by only a factor of 4
because of computational constraints; a larger domain would
lead to a more realistic separation in scales because �sf� /�fs�
�LSP

−1 �Lx
−1, but would be computationally prohibitive.

A benchmark collisionless ��=0� Hall-MHD simulation
is evolved from t=0 until a steady-state of Hall reconnection
is reached, with a reconnection rate of E�0.065E0. This is
plotted as a function of island width w as the thick solid line
in Fig. 1. Since the island width increases monotonically in
time, w is a proxy for the time t. The reconnection rate is
calculated as the time rate of change of magnetic flux be-
tween the X-line and O-line. When w�17di, a resistivity of
�=0.010�0 �which lies between the predicted values of �sf�
and �fs� � is enabled and the simulation is continued until most
of the available magnetic flux has reconnected. For compari-
son, the thick dashed line shows the reconnection rate when
�=0 is maintained. A slight decrease in the reconnection rate
is observed, but the system clearly remains in the Hall solu-
tion, with the characteristic Petschek open outflow configu-
ration of component Hall reconnection.5,7,23,27,28,32–38

Similarly, a benchmark resistive-MHD simulation with
�=0.010�0 �the same resistivity�, with the Hall and electron
inertia terms disabled, is performed. As shown in the thin
solid line of Fig. 1, the reconnection rate reaches a steady
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value at about E�0.01E0. When w�17di, we enable the
Hall and electron inertia terms and continue to advance the
full equations. The reconnection rate remains stationary with
E�0.01E0. For comparison, a simulation in which the Hall
term is not enabled is shown as the thin dashed line in Fig. 1.
Clearly, the Hall and electron inertia terms do not impact the
rate of reconnection for these parameters; the system remains
in the Sweet-Parker solution with the characteristic elongated
current sheet of Sweet-Parker reconnection.1,2,29–31 The two
configurations are governed by the same equations and have
the same resistivity, so the bistability of component recon-
nection for this value of the resistivity is demonstrated.

The range in � of the bistable regime is found by vary-
ing the resistivities of the benchmark Hall and Sweet-Parker
reconnection simulations of Fig. 1. For the case of Hall re-
connection, we change � from 0.0 to 0.005, 0.007, 0.010,
0.0125, 0.015, 0.0175, and 0.020�0 when w�17di. For the
case of Sweet-Parker reconnection, we change � from
0.010�0 to 0.003, 0.005, 0.007, 0.0085, 0.0125, 0.015,
0.0175, and 0.020�0 when w�20.5di, a short time after the
Hall and electron inertia terms have been enabled.

The asymptotic normalized reconnection rate E�, com-
puted as the time averaged reconnection rate once transients
have died away and normalized to BupcA,up/c, is plotted in
Fig. 2�a�. The simulations starting in Hall reconnection are
the open circles, while the closed circles start in Sweet-
Parker. The dashed line shows the prediction of the Sweet-
Parker model based on benchmark numerical simulation val-
ues of LSP�38di and Bup�0.8B0, showing excellent
agreement with the Sweet-Parker results. The figure shows
that component magnetic reconnection is bistable over a
range of resistivities. �The apparent dependence of E� on �
during Hall reconnection seen in Fig. 2�a� is unexpected and
does not occur in anti-parallel reconnection.18 It is probably a
numerical effect due to the fact that the ion and electron
dissipation regions are not well separated in our simulations,
as �s is only twice as big as de.�

The edge of the bistable region is observed to be abrupt
with critical values of �sf between 0.005�0 and 0.0075�0,

and �fs between 0.015�0 and 0.0175�0. Normalizing � to ��
using Bup�0.8B0 gives simulation values of �sf� between
0.006 and 0.009, and �fs� between 0.019 and 0.022, in good
agreement with the scaling law predictions of Eqs. �3� and
�4�.

The asymptotic steady-state current sheet thickness �,
measured as the half-width at half-maximum of the out-of-
plane current density Jz at the X-line, is plotted in Fig. 2�b�
for each of the simulations, with the Sweet-Parker prediction
plotted as the dashed line. The transition from Sweet-Parker
to Hall reconnection �shown in the closed circles� occurs
when the thickness of the current sheet is approximately �s

�0.44di, as predicted.
The present result is consistent with recent experimental

results at the Versatile Toroidal Facility.39 Bursts of fast re-
connection occur in about 10% of experimental trials. Pre-
liminary diagnostics suggest that the thickness of the current
sheet at onset is very close to the ion Larmor radius �s

�10 cm.39

Can the present results explain the onset of the sawtooth
crash in fusion devices? The simple model presented here
does not include diamagnetic effects, which are important for
tokamak plasmas and have been shown to inhibit
reconnection.40–42 Using parameters at the DIII-D tokamak,43

we find �sf to be too small to explain the observations. The
inclusion of diamagnetic effects would make the Sweet-
Parker dissipation region wider for a given resistivity, so the
agreement should improve. This will be the subject of future
studies.

Potential limitations of this model are that the simula-
tions are limited to two dimensions and the resistivity is not
evolved with time self-consistently.

FIG. 1. Reconnection rate E as a function of island width w for the two sets
of simulations described in the text. The vertical dotted lines show when the
added effects were enabled. Note that the final parameters of the two solid
line simulations are identical.

FIG. 2. �a� Normalized steady-state reconnection rate E� as a function of
resistivity � for simulations analogous to those in Fig. 1 as described in the
text. �b� Current sheet thickness � as a function of � for the simulations in
�a�.
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